Based on the V-system, an orthogonal function system over triangular domain, we proposed a retrieval method for 3D model group consisting of several separate parts. The V-system is an efficient tool to precisely represent either continuous or separate geometric objects, which is its striking characteristic. The V-system can transform a 3D object to the frequency domain based on its triangular mesh, and generate related eigenvector which is invariant to rotation, translation, and scaling. With the V-system, we can successfully extend the orthogonal transformation methods widely used in 2D image retrieval to 3D model retrieval. Retrieval experimental results show that the proposed approach is practical and effective; and it has distinct advantage for model group retrieval. Comparing with the existed 3D model retrieval measures which can only be used to retrieve single model, this new approach can be used to retrieve a model group consisting of several separate parts, which is significant and has important application value in the reuse of model groups.
Introduction
3D models have been widely used in industrial design, geometric construction, virtual reality, 3D games, videos and entertainments, molecular biology, etc., as the fourth type of media data following sounds, images and videos. With the improvement of modelling tools and scanning devices, a large number of shared 3D models stored in web repositories and other database has been created. It is significant to reuse the shared 3D models instead of building them every time, since creating a high quality 3D model is time and effort involving. Now, the problem of how to create 3D models has shifted to how to find the desired 3D models and reuse them. A practical problem is how to find out the desired models quickly and correctly through the interface of a digital library. Therefore, it is necessary to develop effective 3D model retrieval systems.
Similar to other multimedia retrieval method, 3D model retrieval can be roughly divided into two classes: text-based retrieval and content-based retrieval. Text-based retrieval measure, in which a string of words serves as a query, is time-consuming when it is used to retrieve 3D models, since many textual annotations related to them should be added. On the other hand, the annotations added by human beings depend on language, culture, age, sex, and other factors. They may be too limited or ambiguous and might lead to retrieval failure. In contrast, in content-based retrieval measure the properties of the 3D models themselves Journal of Advanced Mechanical Design, Systems, and Manufacturing Vol.6, No.3, 2012 a virtual city is a combination of 3D models. When we design games, we hope such scene can be retrieved as a whole for reuse.
About the V-system
The V-system of degree k is an orthogonal function system consisting of piecewise polynomials, whose detailed mathematic expressions on interval [0, 1] and over triangular domain can be found in [18] and [19] . In this paper, we employ only the V-system of degree one over triangular domain; "the V-system" in the following sections is short for "the V-system of degree one over triangular domain". In the following section, brief introduction for the V-system of degree one over triangular domain is provided. The construction process of the V-system of degree k is similar. The contents in this section can be found in [19] .
Triangulated domain and triangulation
It is noted that coordinate transformation from one triangular domain to another doesn't change the orthogonality. Therefore, we choose a right triangle domain G with vertices (0, 0), (1, 0), (0, 2) as base triangle, it is a simple triangle with area 1. The inner product of and on G is defined as
We divide G as follows: First, connect the midpoint of each side, the domain G is divided into four subtriangles in a manner shown in Figure 1(a) , denoted byG 1,1 , G 2,1 , G 2,2 , G 2,3 ,we call triangulation at level one. Second, each of these four subtriangles is subdivided into four smaller subtriangles denoted by Figure 1(b) . Accordingly, this process is called triangulation at level two. Go on with this triangulation process, in the triangulation at level m there are 4 m subtriangles. 
The first group of the V-system
The V-system over triangulated domain G is constructed by groups and classes. Since the dimension of linear space, which consists of polynomials of two variables of degree one defined on G, is 3; to obtain the orthogonal basis of this linear space, we construct three orthogonal polynomials of two variables of degree one. They can be easily obtained by applying Schmidt orthogonalization method to any three linear independent polynomials.
We choose such three simple independent polynomials as: f 1 (x, y) = 1, f 2 (x, y) = x, f 3 (x, y) = y, Using the inner product defined in Equation (1), three orthonormal functions defined on G can be computed:
Journal of Advanced Mechanical Design, Systems, and Manufacturing Vol.6, No.3, 2012 These three functions constitute the first group of the V-system over triangulated domain G.
The second group of the V-system
Given a triangulated domain G under triangulation at level one, that is
Since the dimension of linear space, which consists of piecewise polynomials of two variables of degree one defined on G = G 1,1 G 2,1 G 2,2 G 2,3 ,is12. To obtain the orthogonal basis of this linear space, besides three functions in Equations (2), we need to construct other 9 piecewise polynomials of two variables of degree one. Let the nine functions{ f i (x, y)i = 1, 2, · · · , 9} defined on G satisfy the following conditions:
. And they are called generators, which are used to generate all the basis functions, where< ·, · > denotes the inner product defined in Equation (1) . Obviously, any two generators are orthogonal to each other, and each generator is orthogonal toV
According to the definition, nine generators can be obtained. We dispense with the complicated calculation, just write down the functions below. These nine functions constitute the second group of the V-system, and each of them represents a class of the basis functions of the V-system.
The V-system over triangulated domain
Perform squeezing and shifting operations on generatorsV j 2 (x, y), ( j = 1, 2, · · · , 9) respectively,duplicate each four times squeezed generator onto each of the subtriangles G 1,1 , G 2,1 , G 2,2 andG 2,3 respectively, then the following functions are obtained:
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There are totally 9 × 4 functions.These 9 × 4 functions are divided into 9 classes, and each class consists of four functions. To get the detailed expression of these 9 × 4 orthogonal functions on G, we need to triangulate G twice since V j 2 (x, y), ( j = 1, 2, · · · , 9) is defined on G under the triangulation at level one. All these 36 functions constitute the third group of the V-system. Figure 2 is the sketch map of a class of the third group (the white represents the function value 0) Fig. 2 The sketch map of a class of the third group of V-system Go on with above process over and over again. The mth group can be obtained by squeezing the (m-1)th group four times, and copying them to the corresponding subtriangles. That is, after having squeezed each function in the (m-1)th group four times, four new functions can be defined by duplicating them onto each of the subtriangles respectively. This process is depicted in Figure 3 . The mth group is also divided into 9 classes and each one has 4 m−2 functions, here m = 3, 4, · · ·.
This squeezing and copying process can proceed infinitively. In this way, we obtain all the basis functions of the V-system: {V
m expresses the jth function of the ith class of the mth group in the V-system.
The properties of the V-system
The proof of the following properties can be found in [19] . Theorem 1 (Orthonormality) The V-system is an orthonormal function system. Theorem 2 (Reproducibility) If is a piecewise polynomial of two variables of degree k defined on triangulated domain G with all breaking points on section line of G , then can be exactly represented by the finite functions of the V-system of degree k over triangulated domain G.
The V-system has some distinct characteristics:
(1) The V-system is composed of both smooth functions and discontinuous piecewise polynomials.
(2) The V-system has multiresolution capability and local support which often play an important role in computer graphics, computer vision etc.
(3) As indicated by the reproducibility, either a continuous geometric mesh model or a model group with several separate parts can be precisely reconstructed using finite number of basis functions of the V-system. Because of this distinctive characteristic of the V-system, it is feasible to apply the frequency spectrum analysis method on model group for its overall characteristic extraction.
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Decomposition and reconstruction of a model group by the V-system
In this section, we discuss how to use the mathematic tool V-system to orthogonally expand and reconstruct a three dimensional geometric model. The contents in this section have referred [20] .
Parametrization of the three dimensional geometric model
Let (u,v) ∈ R 2 be coordinate of a point in triangular domain G, and (x,y,z)∈ R 3 be coordinate of a point in 3-D space. As long as a 3-D geometric model is mapped onto the triangulated domain G and expressed as a piecewise polynomial of degree one of two variables with all breaking points on the section line of G, it can be precisely represented using a finite number of basis functions of the V-system, due to the reproducibility property of the V-system. This paper employs triangular mesh models, the 3-D models which are combinations of many triangular patches without any mathematic structure, and vertex index data structure as 3-D data organization form. Practically, as long as each triangular face of the 3-D geometric model is parameterized onto a subtrianle of domain G , a piecewise polynomial of degree one with two variables satisfying all the conditions of reproducibility can be obtained. The parameterization process of a mesh model is as follows:
(a) Obtain the vertex coordinates P i = (x i , y i , z i ), i = 1, 2, 3 for each triangular patch P 1 P 2 P 3 using vertex index method; (b) Map 3-D triangular patch P 1 P 2 P 3 onto subdomain G α,β of domain G by one to one linear transformation (See Figure 4) . Let the vertices of G α,β beP i = (u i , v i ), i = 1, 2, 3 .The linear transformation is defined as:
Journal of Advanced Mechanical Design, Systems, and Manufacturing Vol.6, No.3, 2012 where the coefficients a x , b x , c x , a y , b y , c y , a z , b z , c z satisfy below equations:
The 9 coefficients in the linear transformation (3) can be determined by solving equations (4), and then the triangular face P 1 P 2 P 3 is parameterized. That is: the triangular patch P 1 P 2 P 3 is parameterized as above polynomial of degree one of two variables defined on G α,β ,which is written as: 
Equation (5) gives out the parameter expression only on N subtriangles, the function values on the other 4 n −N subtriangles are defined as 0. Note that, in this mapping, a triangular face in a 3-D model is projected into a subtriangle in domain G by one-to-one correspondence, which means that any two different triangular faces can't be mapped into the same subtriangle. The above parameterization process only relies on the triangle mesh of the 3D model and is not influenced by mesh's connectivity. For a 3D model, once its triangle mesh is given, the parameterization process can be realized by mapping each patch onto the domain of the V-system one by one, whether the mesh is connected or disconnected. Especially this parameterization process can be applied on a subject group consisting of several separate geometric objects. Because of this, the proposed approach can be applied to retrieval separate 3D subject group effectively based on the reproducibility property of the V-system.
Orthogonal decomposition and reconstruction of 3-D geometric model
After having parameterized a spatial model P with N triangular faces onto the domain G which is already triangulated into 4 n subtriangles,the 3-D geometric model can be reconstructed using the first 3×4 n basis functions of the V-system over triangular domain, according to the reproducibility property. The number 3 × 4 n is determined because any polynomial of degree one of two variables has 3 freedoms and there are totally 4 n subtriangles, where n is the minimum integer satisfying 4 n ≥ N.
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Since the V-system is orthogonal, the coefficientsλ j x , λ j y , λ j z can be expressed as:
The constants a The low frequencies can be used to describe the contour (shape), while the high frequencies describe the details of the model. Therefore, if we are just concerned about the shape of a model, the contour can be reconstructed by only using the low frequencies. Equation (6) is the expression of the model P in the frequency domain. Equation (6) Note that if we just want to reconstruct the contour of the model, we can use only the low frequencies.
Example: Orthogonal decomposition of a model group composed of 4 chairs, a table and an umbrella. In the model group each chair has 2922 vertices and 974 triangles, the table has 12096 vertices and 4460 triangles, and the umbrella has 16302 vertices and 5434 triangles. So the model group has 40086 vertices and 13790 triangles. We regard the model group as a whole, Firstly parameterization according to Section 3.1, and then perform orthogonal decomposition and reconstruction under the V-system according to equation (6) . Fig.5 (a) is the model group; Fig.5 (b) is spectrum graph in three directions respectively, obviously, the larger spectrums are concentrated on low-frequency; Fig.5 (c) is the result of reconstruction using these spectrums.
Model retrieval based on the V-system
As the process in Sec. 3, the expression of a model (or a group of models) in the frequency domain is written as equation (6) and is called the jth unified V-descriptor of the model. The unified V-descriptor is proved to be invariant under translating, scaling and rotation transformations [21] .
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} is an eigenvector of the model.
Suppose the unified V-descriptors of two models A and B are denoted by{d
} respectively, then the distance of A and B can be defined as:
Using the distance, we can measure how similar the two models are, the larger s means the larger difference in the shape between two models, and s=0 indicates the two models have the same shape. Furthermore, we can classify and retrieve the models. Since the V-system has ability of concentrating messages, the shape of a model can be reconstructed with lowfrequency descriptors. Hence we only adopt the low-frequency descriptors to perform retrieval experiments.
The flowchart of retrieval a model in a database is depicted in figure 6 . 
Experimental results
The experimental retrieval results of model groups are listed out in this section. Every model in our experiment database is a model group comprising several single models, which is directly downloaded from website Google 3D warehouse, or is remodeled by adjusting the downloaded ones. For example, change position relationships of some parts of a downloaded model; substitute some parts of a downloaded model. The experiment database contains 125 classes, and each class contains 10 model groups, the total number of model groups is 1250. Figure 7 shows some examples of model groups from the experimental database.
Ten models in the same class are virtually similar and have similar attributes. For example, the ten models in figure 9 (a) are in the same class since they have the same attributes "man and ball", naturally they are virtually in the same class.
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Vol. 6, No.3, 2012 Fig. 7 20 examples of models from the experimental database Before the retrieval experiments, all the models need to be normalized. Firstly, move the centre of mass of the model (take the areas of the triangular faces as the weighting factors) to the origin of the coordinate. Secondly, the model is normalized to a unit sphere by dividing with the length of the longest radius vector. Finally, align the model to the principal axis using the PCA (Principle Component Analysis) method. After such pre-processing, the position, direction and size of the models are unified.
The retrieval efficiency is estimated using four methods: (1) Precision-Recall curve, (2) First-tier (FT), (3) Second-tier (ST), and (4) Nearest Neighbour measure. Precision P is defined as the ratio of the number of retrieved relevant models r to the total number of retrieved models n, P = r/n. Recall R is defined as the ratio of the number of retrieved relevant models r to the total number m of relevant models in the whole database, R = r/m. In general, P is inversely proportional to the R, the higher the Precision-Recall curves, the higher accuracy of the retrieval result. The First-tier is the percentage of top m matches (including the query) from the query's class, where m is the size of the class, the Second-tier is the same type of result, but for the top 2m matches, and the Nearest Neighbour measure is the percentage of the closest matches (excluding the query) that belong to the same class as the query. Obviously, an ideal matching would give no false positives and return a score of 100%, and higher scores represent better results.
The proposed method has been compared with silhouette FV [7] and geometric moments [4] . The silhouette FV aligns models using the PCA firstly, capture shape characteristics of models in three monochromes images, then extract the three contours, and for each contour apply the discrete Fourier Transform to present the feature vectors in the spectral domain. The geometric moments provide a statistical representation of the object; their detailed expression is [4] :
where (x i , y i , z i ) and (x 0 , y 0 , z 0 ) are the center of mass of the ith triangle and the center of mass of the object, respectively, n is the total number of triangles that constitute the object. The triplet q, r, s defines the order of the moments. The Precision-Recall curves for these three methods are shown in Figure 8 . Table 1 provides comparative results of the retrieval efficiency for the First-tier (FT), Second-tier (ST), Nearest Neighbour (NN) measure, as well as the average retrieval time which varies with Journal of Advanced Mechanical Design, Systems, and Manufacturing Vol.6, No.3, 2012 model complexity. The "average retrieval time" is the average time of each model in the database, from inputting the model and finding out the fist 20 most similar models. The experiments are accomplished in the environment of Hardware: Intel(R) core(TM) i5 -2450M cpu @ 2.50GHz, RAM 4.0G, adopt Matlab 2010b as programming language. Figure 9 -10 provide the comparison results to the retrieval examples, in which the first one in each example is the query models and other 9 models are arranged from large to small according to its similarities to the query. Figure 8-10 and Table 1 indicate that the proposed method has distinct advantage over the other two methods in the retrieval efficiency. However, it offers no competitive advantage in time cost. The reason why the proposed retrieval method took more time than the other two is that the basis function of the V-system is more complicated and need much more time to complete the operations, especially to compute the V-descriptor. Therefore, it is necessary to optimize our program performance and improve this operating speed. The results indicate that silhouette FV and geometric moments are not suitable for 3D model group retrieval, although they are successfully used for 3D single model retrieval. The reason of silhouette FV unsuitable is easy to understand, since the spatial position of the models in the model group may be sheltered in one direction and totally different model groups may have very similar projections on some coordinate plane, so it is evitable to get wrong retrieval results. Fig. 8 The PR curve comparison of retrieval efficiency. 
Conclusions
The application of the V-system defined on interval [0, 1] on model retrieval has been researched in [10] [11] . This paper employs the V-system over triangular domain to go on with this study. As an orthogonal function system over triangular domain, the V-system used in this paper has distinct advantage in 3D model group retrieval. That's because the V-system can precisely reconstruct a model group with its finite basis functions, and the V-descriptor can accurately describe the overall characteristics of a model group. This paper provides a new model retrieval approach, particularly for 3D model group. To our finite knowledge, in 3D model retrieval, there have been no previous researches on orthogonal decomposition of a triangular mesh model via an orthogonal function system over triangular domain. In some Journal of Advanced Mechanical Design, Systems, and Manufacturing Vol.6, No.3, 2012 Fig . 9 The top 10 retrieved results for model group "man and ball" extent, the orthogonal decomposition makes up for shortcomings of "the orthogonal transformation method in 2D image retrieval is not easy to be used directly in 3D model retrieval". The classification and retrieval algorithms widely used presently are mainly for single model, whereas the method proposed in this work can be used for model group. We believe that it would play important role in reusing object groups, such as city model design, sculpture groups design, scene design and so on. However, the operating speed of the algorithm in this paper needs to be improved, which is one of our main researches in the future.
Journal of Advanced Mechanical Design, Systems, and Manufacturing
Vol. 6, No.3, 2012 Fig. 10 The top 10 retrieved results for model group "table, chairs and umbrella"
